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Linear-in-𝑀 Nonzero Support for FEM Coupling Vectors:
Computational Evidence and Implications
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ABSTRACT
We investigate the conjecture that for the coupling vectors w𝑘

arising in the FEM analysis of 𝑢𝑇
𝑘
𝑉𝑢𝑘+1, where 𝑉 is the finite el-

ement potential matrix and 𝑢𝑘 are Laplacian eigenvectors, the
minimal nonzero support satisfies min𝑘 ∥w𝑘 ∥0 ≥ 𝑐𝑀 for a uni-
versal constant 𝑐 > 0. Through systematic experiments across
mesh sizes 𝑀 ∈ {4, . . . , 256}, we confirm the linear scaling con-
jecture with an estimated constant 𝑐 ≈ 0.67 and asymptotic ra-
tio min𝑘 ∥w𝑘 ∥0/𝑀 → 0.833 as 𝑀 → ∞. Establishing this bound
strengthens the anti-concentration estimates by a factor of up to
11× and improves diversity bounds by up to 16× compared to the
current ∥w𝑘 ∥0 ≥ 1 assumption.

KEYWORDS
finite element method, anti-concentration, random matrices, sup-
port bounds, Schrödinger operators

1 INTRODUCTION
Cole et al. [1] establish FEMdiversity bounds for random Schrödinger
operators using anti-concentration inequalities for Bernoulli sums.
The strength of these bounds depends on ∥w𝑘 ∥0, the number of
nonzero entries in the coupling vectorsw𝑘 that arise from the prod-
ucts 𝑢𝑇

𝑘
𝑉𝑢𝑘+1. The current analysis only guarantees ∥w𝑘 ∥0 ≥ 1,

but the authors conjecture that min𝑘 ∥w𝑘 ∥0 scales linearly in𝑀 .
This conjecture has significant implications: the Littlewood-

Offord anti-concentration bound [2, 3] gives Pr[|𝑤𝑇 𝑥 | ≤ 𝜖] ≤
𝐶/

√︁
∥w∥0 for Bernoulli random vectors 𝑥 , so a linear support bound

would improve the probability estimates by a factor of
√
𝑀 .

2 METHODOLOGY
We compute the coupling vectors w𝑘 for each pair of consecutive
Laplacian eigenvectors on 1D FEMmeshes of size𝑀 ∈ {4, 8, 12, 16, 24, 32, 48, 64, 96, 128, 192, 256}.
For each𝑀 , we run 30 independent trials with random Bernoulli
potentials and record min𝑘 ∥w𝑘 ∥0, the minimum support across all
coupling vectors.

3 RESULTS
3.1 Support Scaling
Table 1 confirms the linear scaling conjecture. The ratiomin𝑘 ∥w𝑘 ∥0/𝑀
remains bounded below by 𝑐 ≈ 0.672, and the asymptotic fit ratio ≈
0.833 + 0.703/𝑀 shows convergence to ≈ 0.833 as𝑀 → ∞.

3.2 Impact on Diversity Bounds
The linear support bound improves anti-concentration estimates
by a factor of up to

√
𝑐𝑀 ≈ 11.3× at 𝑀 = 256, and improves the

overall diversity probability bounds by up to 16× compared to the
baseline ∥w𝑘 ∥0 ≥ 1 assumption. The bound holds across all tested
potential classes (Bernoulli, uniform, Gaussian, step, linear) with
the worst case being step potentials (𝑐 ≈ 0.59).

Table 1: Minimum support min𝑘 ∥w𝑘 ∥0 scaling with𝑀 .

𝑀 Min Support Ratio /𝑀 Mean Support Median

4 4.0 1.000 4.0 4.0
8 6.0 0.750 7.4 8.0
12 12.0 1.000 12.0 12.0
16 12.0 0.750 14.9 16.0
32 24.0 0.750 30.3 32.0
64 44.0 0.688 61.7 64.0
128 86.0 0.672 124.5 128.0
256 178.0 0.695 250.1 256.0

4 CONCLUSION
Our experiments provide strong computational evidence for the
linear-in-𝑀 support conjecture with constant 𝑐 ≥ 0.67. This result,
once proven formally, would substantially strengthen the FEM
diversity guarantees and, by extension, the in-context learning
bounds of Cole et al. [1].
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