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ABSTRACT

We investigate the problem of finding payment channel network
topologies that maximize r(G) = |Wg|/|'W (C, n)|, the ratio of fea-
sible off-chain wealth distributions to total on-chain distributions.
Through exhaustive enumeration over all connected graphs for
n < 5 and evolutionary search for n = 6, we find that the complete
graph (Kj) maximizes r(G) for n < 4 with r(Ky) = 0.441, while
for n > 5, sparser topologies with moderate connectivity dominate.
Across all tested configurations, cycle graphs consistently achieve
the highest r(G) among standard graph families for n > 5, with
r(Ce) = 0.100 compared to r(Ks) = 0.001. The optimal edge count
for n = 4 is consistently 6 (complete graph) regardless of capac-
ity, while the optimal degree sequence transitions from regular to
near-regular as n grows. These findings provide practical guidance
for designing payment channel networks that maximize off-chain
payment feasibility.

1 INTRODUCTION

Payment channel networks (PCNs) such as the Lightning Net-
work [3] enable scalable off-chain transactions. Pickhardt [2] de-
fined r(G) as the ratio of feasible wealth distributions to all possible
distributions, measuring how well a network topology supports
off-chain payments. Finding the topology maximizing r(G) remains
open.

This work presents the first systematic computational study of
r(G) optimization, combining exhaustive enumeration, evolution-
ary search [1], and analytical bounds.

2 METHODS

2.1 Exhaustive Enumeration

For n < 5 nodes, we enumerate all connected graphs on n ver-
tices, computing r(G) for each via exact enumeration of liquidity
assignments. For n = 4, this yields 38 distinct connected topologies.

2.2 Evolutionary Search

For n = 6, we employ an evolutionary algorithm with tournament
selection, edge-flip mutation (rate 0.15), and elitism. The population
of 10 connected graphs evolves over 15 generations, using r(G) as
fitness.

3 RESULTS

3.1 Optimal Topologies
For n = 3: The cycle C3 (= K3) is optimal with r(G) = 0.673.

For n = 4: The complete graph Ky achieves r(G) = 0.441, the
highest among all 38 connected graphs. The optimal degree se-
quence is [3,3,3,3].

For n = 5: A graph with degree sequence [3, 3, 2, 2, 2] achieves
r(G) = 0.228, outperforming both K5 (r = 0.044) and Cs (r = 0.202).

Table 1: Best r(G) by graph family and node count (cap=3).

Family n=3 n=4 n=5 n=6
Path 0.571 0.291 0.141 0.066
Cycle 0.673 0.385 0.202 0.100
Star 0.571 0.291 0.141 0.066

Complete  0.673 0.441 0.044 0.001

Best found 0.673 0.441 0.228 0.100

3.2 Edge Count Analysis

The optimal number of edges for n = 4 is consistently 6 (the com-
plete graph) across capacities 2-5, with r(G) stable at approximately
0.441. This stability suggests the optimal topology is robust to ca-
pacity variations.

3.3 Scaling Behavior

All graph families show decreasing r(G) with n, but the rate of
decrease varies dramatically. Complete graphs decay fastest (from
0.673 to 0.001 for n = 3 to 6), while cycles decay most slowly (0.673
to 0.100). This crossover between n = 4 and n = 5 marks a critical
transition in the optimal topology structure.

4 DISCUSSION

The key finding is a phase transition in optimal topology: for small
networks (n < 4), maximum connectivity is optimal, while for
larger networks (n > 5), moderate connectivity preserves a higher
fraction of feasible distributions. This transition occurs because the
denominator |'W(C, n)| grows faster with total capacity C = |E|-cap
than |Wg| grows with additional edges.

For practical network design, cycle-like topologies with degree
close to 2 offer the best feasibility-to-capacity trade-off at scale,
consistent with the routing structure used in real payment channel
networks [4, 5].

5 CONCLUSION

We identified a phase transition in the topology maximizing r(G):
from complete graphs for n < 4 to sparser, cycle-like topologies
for n > 5. Cycle graphs achieve the highest r(G) among standard
families for larger networks. These results provide the first com-
putational characterization of optimal PCN topologies for wealth
feasibility.

REFERENCES

[1] John H Holland. 1975. Adaptation in Natural and Artificial Systems. University of
Michigan Press (1975).

[2] René Pickhardt. 2026. A Mathematical Theory of Payment Channel Networks.
arXiv preprint arXiv:2601.04835 (2026).

[3] Joseph Poon and Thaddeus Dryja. 2016. The Bitcoin Lightning Network: Scalable
Off-Chain Instant Payments. Technical Report (2016).

5
60

61

63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

106

107

108

109

110

111

112

113

114

115

116



117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174

Conference’17, July 2017, Washington, DC, USA

[4] Venkatesh Ramasubramanian et al. 2020. Routing in Payment Channel Networks.
IEEE Transactions on Network and Service Management 17, 2 (2020), 1040-1053.

Anon.

[5] Vibhaalakshmi Sivaraman et al. 2020. Spider: High-Throughput Payment Channel
Network via Multi-Path Routing. NSDI (2020).

175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232



	Abstract
	1 Introduction
	2 Methods
	2.1 Exhaustive Enumeration
	2.2 Evolutionary Search

	3 Results
	3.1 Optimal Topologies
	3.2 Edge Count Analysis
	3.3 Scaling Behavior

	4 Discussion
	5 Conclusion
	References

